Random attractors for a class of stochastic 
partial differential equations driven by 
general additive noise * 

Benjamin Gess a , Wei Liu Michael Rockner a & 

a. Fakultat fur Mathematik, Universitat Bielefeld, D-33501 Bielefeld, Germany 
b. Department of Mathematics and Statistics, Purdue University, West Lafayette, 47906 IN, USA 

Abstract 

The existence of random attractors for a large class of stochastic partial differential 
equations (SPDE) driven by general additive noise is established. The main results 
are applied to various types of SPDE, as e.g. stochastic reaction-diffusion equations, 
the stochastic p-Laplace equation and stochastic porous media equations. Besides 
classical Brownian motion, we also include space-time fractional Brownian motion and 
space-time Levy noise as admissible random perturbations. Moreover, cases where the 
attractor consists of a single point are also investigated and bounds for the speed of 
attraction are obtained. 
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1 Introduction 



Since the foundational work in [16, 18, 46] the long time behaviour of several examples of 
SPDE perturbed by additive noise has been extensively investigated by means of proving 
the existence of a global random attractor (cf. e.g. [8, 10, 11, 12, 20, 21, 32, 48, 49]). 
However, these results address only some specific examples of SPDE of semilinear type. 
To the best of our knowledge the only result concerning a non-semilinear SPDE, namely 
stochastic generalized porous media equations is given in [9]. In this work we provide a 
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general result yielding the existence of a (unique) random attractor for a large class of 
SPDE perturbed by general additive noise. In particular, the result is applicable also to 
quasilinear equations like stochastic porous media equations and the stochastic p-Laplace 
equation. The existence of the random attractor for the stochastic porous medium equation 
(SPME) as obtained in [9] is contained as a special case (at least if the noise is regular 
enough, cf. Remark 3.14). We also would like to point out that we include the well-studied 
case of stochastic reaction-diffusion equations, even in the case of high order growth of the 
nonlinearity by reducing it to the deterministic case and then applying our general results (cf. 
Remark 3.11 for details and comparison with previous results). Apart from allowing a large 
class of admissible drifts, we also formulate our results for general additive perturbations, 
thus containing the case of Brownian motion and fractional Brownian motion (cf. [22, 39]). 
We emphasize, however, that the continuity of the noise in time is not necessary. Our 
techniques are designed so that they also apply to cadlag noise. In particular, Levy-type 
noises are included (cf. Section 3). Under a further condition on the drift, we prove that 
the random attractor consists of a single point, i.e. the existence of a random fixed point. 
Hence the existence of a unique stationary solution is also obtained. 

Our results are based on the variational approach to (S)PDE. This approach has been 
used intensively in recent years to analyze SPDE driven by an infinite-dimensional Wiener 
process. For general results on the existence and uniqueness of variational solutions to SPDE 
we refer to [23, 28, 38, 40, 43, 51]. As a typical example of an SPDE in this framework 
stochastic porous media equations have been intensively investigated in [4, 5, 6, 7, 19, 27, 
34, 36, 45]. 

This paper is organized as follows. In the rest of this section we present the main results 
(Theorems 1.4, 1.10 and 1.12) and recall some concepts of the theory of random dynamical 
systems. The proofs of the main theorems are given in the next section. In Section 3 we 
apply the main results to various examples of SPDE such as stochastic reaction-diffusion 
equations, the stochastic p-Laplace equation and stochastic porous medium equations with 
general additive noise. 

Now let us describe our framework and the main results. Let 

V C H = H* C V* 

be a Gelfand triple, i.e. (H, (-, •)#) is a separable Hilbert space and is identified with its dual 
space H* by the Riesz isomorphism i : H — > H*, V is a reflexive Banach space such that it 
is continuously and densely embedded into H. v*(', ")v denotes the dualization between V 
and its dual space V*. Let A : V — > V* be measurable, (Q, J 7 , Tt, P) be a filtered probability 
space and (N t )tm be a V-valued adapted stochastic process. For [s,t] CRwe consider the 
following stochastic evolution equation 

(1.1) dX r = A(X r )dr + dN r , r e [s,t], 

x s = xeH. 

If A satisfies the standard monotonicity and coercivity conditions (cf. (HI) — (H4) below) 
we shall prove the existence and uniqueness of solutions to (1.1) in the sense of Definition 
1.1. 
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Suppose that there exist a > 1 and constants 5 > 0, K, C G R such that the following 
conditions hold for all v,Vi,v 2 G V: 

(.HI) (Hemicontinuity) The map s \- > y*(A(v\ + sv 2 ),v)y is continuous on R. 
(#2) (Monotonicity) 

2y*(A(wi) - A(v 2 ),V! - v 2 )v < C\\vi - v 2 \\%. 

(H3) (Coercivity) 

2 v *{A(v),v) v + S\\v\\ v <C + K\\v\\ 2 H . 

(HA) (Growth) 

\\A(v)\\ v ,<C(l + \\v\\^). 
We can now define the notion of a solution to (1.1). 

Definition 1.1. An H-valued, (Ft) -adapted process {X r } re \ s ^ is called a solution of (1.1) if 
X.(u) G L a ([s,t};V) DL 2 ([s,t];H) and 

X r (u) = x + J A(X u (u))du + N r (u) - N s (uj) 

holds for all r G [s, t] and all u G f2. 

Since the solution to (1.1) will be constructed via a transformation of (1.1) into a deter- 
ministic equation (parametrized by u) we can allow very general additive stochastic pertur- 
bations. In particular, we do not have to assume the noise to be a martingale or a Markov 
process. 

Since the noise is not required to be Markovian, the solutions to the SPDE cannot be 
expected to define a Markov process. Therefore, the approach to study long-time behaviour 
of solutions to SPDE via invariant measures and ergodicity of the associated semigroup is 
not an option here. In particular, the results from [29] cannot be applied to prove that 
the attractor consists of a single point. Consequently, our analysis is instead based on the 
framework of random dynamical systems (RDS), which more or less requires the driving 
process to have stationary increments (cf. Lemma 3.1). 

Let ((Q, J 7 , P), (9 t )teR) De a metric dynamical system, i.e. (t,u) (-)■ 9 t (uj) is £>(R) ® T jT 
measurable, 9 = id, 9 t+s = 9 t o 9 S and 9 t is P-preserving, for all s, t G R. 

(51) (Strictly stationary increments) For all t, s G R, u G fl: 

N t (u) - N s (oo) = N t _ s (9 s oo) - N (9 s oo). 

(52) (Regularity) For each uj G Q, 

n.(oj) e L? 0C (R; v)nL 2 l0 M;H) 

(with the same a > 1 as in (H3)). 
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(S3) (Joint measurability) iV : E x Q -> 1/ is B(R) ® r/B(V) measurable. 

Remark 1.2. Although we do not explicitly assume N t to have cadlag paths, in the appli- 
cations the underlying metric dynamical system ((Q, J 7 , P), (Otjtes.) is usually defined as the 
space of all cadlag functions endowed with a topology making the Wiener shift 9 : R x Q — >• 
Q; 9 t (u) = u(- + 1) — u(t) measurable and the probability measure P is given by the distri- 
bution of the noise N t . Thus, in the applications we will always require N t to have cadlag 
paths. 

We now recall the notion of a random dynamical system. For more details concerning 
the theory of random dynamical systems we refer to [16, 18]. 

Definition 1.3. Let (H,d) be a complete and separable metric space. 

(i) A random dynamical system (RDS) over 9 t is a measurable map 



for all t,s G M+ and u G f2. ip is said to be a continuous RDS if x i— > tp(t,u})x is 
continuous for all t G M + and u G f2. 

(ii) A stochastic flow is a family of mappings S(t,s;u) : H — )■ H , —oo < s < t < oo, 
parametrized by u such that 

(t, s, x, u) i — y S(t, s; u)x 

is B(R) <g) B{R) ® B(H) ® T I BiH) -measurable and 

S(t, r; u)S(r, s; u)x = S(t, s; cj)x, 
S(t, s; lo)x = S(t — s, 0; 9 s cu)x, 

for all s < r < t and all u G Q. S is said to be a continuous stochastic flow if 
x t— > S(t, s; u)x is continuous for all s < t and u G Q. 

In order to apply the theory of RDS and in particular to apply Proposition 1.7 below, we 
first need to define the RDS associated with (1.1). For this we consider the unique w-wise 
solution (denoted by Z(-,s;cu)x) of 



ip : R + x H x — > H] (t, x, u) H- cp(t, u)x 



such that (p(0,u) = id and 



(pit + s,cj) — cp(t, 9 s uj) o <p(s, cu), 



(1.2) 




and then define 



(1.3) 
(1.4) 



S(t, s; lo)x := Z(t, s; uj)x + N t (u), 

ip(t, u)x := S(t, 0; u)x = Z(t, 0; u)x + N t (oj). 
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Note that S(-, s; u) satisfies 

S(t, s;u)x = x + j A(S{r,s;u)x)dr + N t (u) - N,(u), 

J s 

for each fixed u G Q and all t > s. Hence S(t,s;uj)x solves (1.1) in the sense of Definition 
1.1. 

Theorem 1.4. Under the assumptions (H1)-(H4) and (SI) -(S3), S(t,s;u) defined in (1.3) 
is a continuous stochastic flow and (p defined in (1.4) is a continuous random dynamical 
system. 

For the proof of Theorem 1.4 as well as the other theorems in this section we refer to the 
next section. 

With the notion of an RDS above we can now recall the stochastic generalization of 
notions of absorption, attraction and fMimit sets (cf. [16, 18]). 

Definition 1.5. (i) A (closed) set-valued map K : Q — > 2 H is called measurable if cu i— > 
K(oS) takes values in the closed subsets of H and for allx G H the map u y d(x, K(oj)) 
is measurable, where for nonempty sets A,B £ 2 H we set 

d(A, B) = sup inf d(x, y); d(x, B) = d({x}, B). 

A measurable (closed) set-valued map is also called a (closed) random set. 

(ii) Let A, B be random sets. A is said to absorb B ifF-a.s. there exists an absorption 
time ts(oj) such that for all t > £b(u;) 

ip(t,6- t u)B{6- t u) C A(u). 

A is said to attract B if 

d((p(t,9-iw)B(d-tu),A(u)) >-0, P-a.s. . 

t—^oo 

(Hi) For a random set A we define the Q-limit set to be 

n A (cu) = n(A,u) = p| (J <p(t,6_ t u)A(6_ t u). 

T>0t>T 

Definition 1.6. A random attractor for an RDS ip is a compact random set A satisfying 
F-a.s.: 

(i) A is invariant, i.e. tp(t,u)A(cj) = A(9 t u) for allt > 0. 

(ii) A attracts all deterministic bounded sets B C H . 

Note that by [14] the random attractor for an RDS is uniquely determined. 
The following proposition yields a sufficient criterion for the existence of a random at- 
tractor of an RDS. 
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Proposition 1.7. (cf. [18, Theorem 3.11]) Let ip be an RDS and assume the existence of a 
compact random set K absorbing every deterministic bounded set B C H . Then there exists 
a random attractor A, given by 

A(u) = |J B (£*>)■ 

BGH, B bounded 

Remark 1.8. In fact, it is known that the existence of a random attractor is equivalent to 
the existence of a compact attracting random set (see [17] for more equivalent conditions). 

We aim to apply Proposition 1.7 to prove the existence of a random attractor for the RDS 
associated with (1.1). Thus, we need to prove the existence of a compact globally absorbing 
random set K. To show the existence of such a set for (1.1), we require some additional 
assumptions to derive an a priori estimate of the solution in a norm || ■ \\$, which is stronger 
than the norm || ■ \\h- 

(H5) Suppose there is a subspace (S, || • \\s) of H such that the embedding V C S is continuous 
and S C H is compact. Let T n be positive definite self-adjoint operators on H such 
that 

(x,y) n := (x,T n y) H , x, y E H, n > 1, 

define a sequence of new inner products on H. Suppose that the induced norms || ■ || n 
are all equivalent to || ■ ||# and for all x e S we have 

II^IU t \\ x \\s as n — > oo. 

Moreover, we assume that T n : V — > V, n > 1, are continuous and that there exists a 
constant C > such that 

(1.5) 2 v ,(A(v),T n v) v <C(\\v\\ 2 n +l), veV, 
and 

(1.6) sup / \\T n N t \\vdt < C. 

Remark 1.9. (1) Assumption (H5) looks quite abstract at first glance. But it is applicable 
to a large class of SPDE within the variational framework, as e.g. stochastic reaction- 
diffusion equations, stochastic porous media equations and the stochastic p-Laplace equation 
(see Section 3 for more examples). 

(2) Under assumption (1.5) the following regularity property of solutions to general SPDE 
driven by a Wiener process was established in [35]: 

E sup H^slll < oo, for all t > 0. 

s<E[0,t] 

In order to prove the existence of a random attractor, we need to assume some growth 
condition on the paths of the noise. 
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{SA) (Subexponential growth) For P-a.a. uj G Vt and \t\ — > oo, N t {cu) is of subexponential 
growth, i.e. ||A^(a;)||v = o(e A '*') for every A > 0. 

Theorem 1.10. Suppose {H1)-{H5) hold for a = 2 t K = or for a > 2, and that (Sl)-(SA) 
are satisfied. Then the RDS tp associated with SPDE (1.1) has a compact random attractor. 

Remark 1.11. {HI) -{HA) are the classical monotonicity and coercivity conditions for the 
existence and uniqueness of solutions to (1.1) '■ It can be replaced by some much weaker 
assumptions (e.g. local monotonicity) according to some recent results in [38, 37]. The 
existence of random attractors for SPDE with locally monotone coefficients (cf. [38, 37]) 
will be the subject for future investigation. 

In order to make the proof easier to follow, we first give a quick outline. By Proposition 
1.7 we only need to prove the existence of a compact globally absorbing random set K. This 
set will be chosen as 

K{cu) := B s (0,r(u)f, 

where B${0,r) denotes the ball with center and radius r (depending on u) in S. Since 
S C H is a compact embedding, K is a compact random set in H. Note that 

<p{t, e^ t oj) = S{t, 0; e^ t oj) = S{0, -t- u). 

Hence we need pathwise bounds on So(= S{0, —t;u)) in the S'-norm. In order to get such 
estimates we consider the norms || • || n on H for which we can apply Ito's formula. 

Under the following stronger monotonicity condition we prove that the random attractor 
consists of a single point: 

{H2') There exist constants (3 > 2 and A > such that 

2 v *(A{v 1 ) - A{v 2 ),vi - v 2 ) v < -A||i>i - v 2 \\h, Vv u v 2 e V. 

Theorem 1.12. Suppose that {HI) ,{H2'),{H3) ,{HA) and {S1)-{S3) hold. If f3 = 2 also 
suppose {SA) holds. Then the RDS ip associated with SPDE (1.1) has a compact random 
attractor A{u) consisting of a single point: 

A{u) = {r}o{u)}- 

In particular, there is a unique random fixed point t]q{uj) and a unique invariant random 
measure \i. e Vn{H) which is given by 

Moreover, 

(i) if j3 > 2, then the speed of convergence is polynomial, more precisely, 

\\S{t,s;u)x-r ]0 {6 t u)\\l<i^-2){t-s)\ "~\ Vx G H. 
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(ii) if (3 = 2, then the speed of convergence is exponential. More precisely, for every 
7] G (0, A) there is a random variable K v such that 

\\S(t,s;uj)x-r] (e t io)\\ 2 H < 2 (K v (u) + \\x\\ 2 H ) e^ s e~ xt , \/x G H. 

Remark 1.13. (1) In case f3 > 2 we recover the optimal rate of convergence found in the 
deterministic case in [3] for the porous media equation. 

(2) Note that (H5) and for (5 > 2 the growth condition for the noise [S4) are not required 
in Theorem 1.12. 

2 Proofs of the main theorems 
2.1 Proof of Theorem 1.4 

We need to show that the solution to (1.1) generates a random dynamical system. In order 
to verify the cocycle property, we use the standard transformation to rewrite the SPDE (1.1) 
as a PDE with a random parameter. This is the reason why we need to restrict N t to take 
values in V instead of H. For simplicity, in the proof the generic constant C may change 
from line to line. 

Proof. Consider the PDE (1.2) with random parameter u G f2 and let 

A,(t,v) :=A(v + N t (u)), 

which is a well-defined operator from V to V* since N t (u) G V. To obtain the existence 
and uniqueness of solutions to (1.2) we check the assumptions of [42, Theorem 4.2.4]. Since 
N.(uj) is measurable, A u (t,v) is B(M) <8> B(V) measurable. It is obvious that hemicontinuity 
and (weak) monotonicity hold for A u . For the coercivity, using {H3), (HA) and Young's 
inequality we have 

2 v .(A\ J (t,v),v) v = 2 v .{A(v + Nt(u)),v + N t (u)- N t (u)) v 

< - 5\\v + N t (u)\\% + K\\v + N t (cu)\\ 2 H + C- 2 v *(A(v + N t (u)), N t (u)) v 

(2.1) < " $\\v + N t (cj)\§ + K\\v + iVtH||^ + C + C (l + \\v + Nt^)^' 1 ) \\N t (u)\\ v 

< - l\\v + N t (w)\§ + K\\v + N t {u)f H + C(l + \\N t (u)\\%) 
<-2' a 5\\v\\^ + 2K\\v\\ 2 H + f t , 

where f t = 2K\\N t (cu)\\% + C + C||^ t (w)JJ^ G Lj oc (R) by (S2). 
The growth condition also holds for A u since 

|K(M)|k* = \\A(v + N t (u))\\ v * 

<C(l + \\v + N t (u)\\«- 1 ) 

^ f (a-l)/a + cM a r l_ 



s 



Therefore, according to the classical results in [28, 42] (applied to the deterministic case), 
(1.2) has a unique solution 

Z(-, s; u>)x G L? oc ([s, oo);V)n C([s, oo), H) 

and x i — y Z(t, s; u)x is continuous in H for all s < t and u E Q. 

Now we define S(t,s;u)x by (1.3) and <p(t,uj)x by (1.4). For fixed s,uj,x we abbreviate 
S^i, s; cu)x by S t and s; uS)x by Z t . By the pathwise uniqueness of the solution to equation 
(1.2) and (5*1) we have 

S(t, s; u) = S(t, r; u)S(r, s; cu), 
(2.2) S(t,s;co) = S(t- s,0;9 s u), 

for all r,s,t6R and all u G Q. 

It remains to prove the measurability of <p : M. x H x Q — y H. By (2.2) this also implies 
the measurability of (t, s,x, uj) \-> S(t,s;uj)x. Since <p(t,uj)x = Z(t, 0; uj)x + Nt(uu) and 
by (S3) it is sufficient to show the measurability of (t,x,u) i— > Z(t,0;u)x. Note that the 
maps t H- Z(t, 0; u)x and x H- Z(t, 0; u)x are continuous, thus we only need to prove the 
measurability of uj H- Z(t, 0; uj)x. 

Let x G H and t G 1R be arbitrary, fix and choose some interval [so,to] Q K such that 
t G (s ,to)- By the proof of the existence and uniqueness of solutions to (1.2) we know that 
Z(t, 0;uj)x is the weak limit of a subsequence of the Galerkin approximations Z n (t, 0; uj)x in 
L a ([so, to}; V). Since every subsequence of Z n (t, 0; uj)x has a subsequence weakly converging 
to Z(t, 0; u)x, this implies that the whole sequence of Galerkin approximants Z n (t, 0; uj)x 
weakly converges to Z(t, 0;u)x in L a ([so,£o]; V). 

Let G Co°(R) be a Dirac sequence with supp(ipk) C Si(0). Then (^ * Z n (-, 0; u)x)(t) 
is well defined for k large enough. For each such fceN and X £ H we have 

* (Z n (-, 0; w)x, 0* * (^(-, 0; u)x, h) H )(t), n ->■ oo. 

Since a; H- Z n (-,0;a;)x G L a ([so, to]; V") is measurable, so is uj H- (<p>k * Z n (-,0;uj)x)(t). 
Consequently, uj (<fk * (Z(-,0;uj)x,h)H)(t) is measurable as it is the w-wise limit of 
(ipk * (Z n (-, 0; uj)x, h)n)(t). We know that r h-> Z(r,0;u)x is continuous in if. There- 
fore, (ifk * (Z(-,0;u)x,h) H )(t) — )■ (Z(t,0;u)x,h)H and the measurability of u 4 (y9 fc * 
(Z(-, 0; w)x, h) H )(t) implies the measurability of uj \-> (Z(t, 0; uj)x, h) H . 

Since this is true for all h G H and 13(H) is generated by cr({(h, -)h\ h G if}), this implies 
the measurability of uj h- > Z(t, 0; u)x. This finishes the proof that ip defines a continuous 
RDS and consequently, that S defines a continuous stochastic flow. 

Note that adaptedness of S t to T t can be shown in the same way as the measurability of 
<p. □ 

2.2 Proof of Theorem 1.10 

Since in Theorem 1.4 we have proved that ip defines an RDS, we can apply Proposition 1.7 
to show the existence of a random attractor for ip. For this we follow the procedure outlined 
in the introduction. First we prove the absorption of Z(t, s; uj)x in H at time t — — 1. 
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Lemma 2.1. Suppose (HI) -(HA) hold for a = 2, K = or for a > 2 and i/iai (S'l)-(5'4) 
are satisfied. Then there exists a random radius r\(ui) > such that for all p > 0, there 
exists s < — 1 in such a way that P— a.s. we have 

\\Z(-1,s;uj)x\\ 2 h < r 2 (u), 

which holds for all s < s and all x e H with \\x\\h < p ■ 

Proof. By the coercivity of proved in the previous section (see (2.1)) we have 

(2-3) J^H^H* = 2v * Z ^ ^ ~ 5 4 Z t\\v + 2A||Z t ||| + /*, 

where 6 Q = 2~ a 5 > and f t = 2K\\N t (u)\\ 2 H + C(\\N t (uj)\\% + 1). 

If a > 2 or a = 2, A' = 0, then there exist constants A > and C such that 

(2-4) ^\\Z t \\ 2 H + |||Z t ||£ < — A||^r*||Sr + / t + C. 

By Gronwall's Lemma for all s < —1 we have, 

!I^-i|| 2 h < e- A( - 1 - s) ||^||^+ e' x ^ r \f r + C)dr 
(2.5) ^ _ x 

< 2e" A( - 1 - s) ||a:||^ + 2e~ x ^ 1 ^ \\N s (u) \\ 2 H + / e^" 1 "^/,. + C)dr. 



By (5"4), i.e. the subexponential growth of N t (u>) for t — > — oo we know that the following 
quantity is finite for all w G O, 

r 2 1 (u) = 2 + 2supe- xi ~ 1 ~ r) \\N r (Lu)\\ 2 H + [ * e - x ^ r \f r (co) + C)dr. 



r<-l 



oo 



Applying (S3), i.e. the joint measurability of N in (t,u), ri(cu) is measurable and then the 
assertion follows by taking some s < — 1 such that e~ x (~ x ~ s > p 2 < 1. □ 

Remark 2.2. a/so implies the following estimate for the V -norm 

(2.6) f 



y ll^llf dr £ II z -iII 2 h + / (A + c ) dr - 



The next step is to show compact absorption of Z(t, s; to) at time t = 0. We proceed 
by using the approximation scheme indicated in the outline of proof. By defining H n : = 
(H, (■, ■)„) (see (H5)) we obtain a sequence of new Gelfand triples 

V C H n = H*C V*. 

Note that we use different Riesz maps i n : H n — > H* to identify H n = H* in these Gelfand 
triples. Let i denote the Riesz map for H = H*. Now we recall the following lemma, which 
is proved in [35]. 



10 



Lemma 2.3. If T n : V — > V is continuous, then i n o i^ 1 : H* — > H* is continuous w.r.t. 
|| • || y* ■ Therefore, there exists a unique continuous extension I n of i n oi" 1 to all ofV* such 
that 

(2.7) v*(Inf,v) v = v*(f,T n v) v , feV\veV. 

Lemma 2.4. Suppose the assumptions of Theorem 1.10 hold. Then there exists a random 
radius r 2 (uj) > such that for all p > 0, there exists s < — 1 in such a way that F — a.s. we 
have 

\\Z(0,s;u)x\\ 2 s < rf(w), 
which holds for all s < s and all x G H with \\x\\h < P- 
Proof. Using the operator I n : V* — > H* we consider the following equation 

^-Z t = I n A(Z t + N t ), 
at 

which is well defined on the new Gelfand triple 

V C H n = H* C V*. 
By Lemma 2.3, (1.5) and {H4) we have 

j t \\Z t \\ 2 n = 2 v *(I n A(Z t + N t ),Z t ) v 

= 2 v *(A(Z t + N t ),T n Z t ) v 

< C(\\Z t + N t \\l + 1) - 2 v *(A(Z t + N t ), T n N t )v 

{ft — 1 -S_ 1 

< C(\\Z t + N t \\l + 1) + 2 \\A(Z t + iVOH^ 1 + -\\T n N t \\$ 

\ a a 

< C {\\Z t f n + \\Z t \\«) + C (1 + \\N t \\l + \\N t \\$ + \\T n N t \\«) 
<C{\\Z t \\l+\\Z t \\%)+gl n \ 

where C is some positive constant and 

:= C (l + \\N t \\$ + \\N t \$ + \\W t \$) . 

Then Gronwall's Lemma implies that for all s < 0, 

\\Z \\ 2 n <e- Cs \\Z s \\ 2 n + C [° e~ Cr \\Z r \\«dr+ f e^g^dr. 

J s J s 

Integrating on s over [—1,0] and using (1.6) we have 

\\Z \\l < £ (e- Cr \\Z r \\l + Ce- Cr \\Z r \\%) dr + £e~ Cr gi n W 
< £ {e- Cr \\Z r \\ 2 s + Ce- Cr \\Z r \\ a v ) dr + C lt 
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where G\ is a finite constant. 

Note that a > 2 and || • ||g < C|| • ||y, hence by taking n — >■ oo and using (2.6) we have 



\Z \\*s <C J e~ Cr (1 + \\Z r \§) dr + d 

< C 2 \\Z^i\\ 2 H + C 2 , 



where C 2 > is a constant. Now the assertion follows from Lemma 2.1. □ 

Proof of Theorem 1.10: By Lemma 2.4 there exists r 2 (u) > such that for all p > 
there exists s < —1 in such a way that P — a.s. 

||,S(0, s; u)x\\ s = \\Z(0, s; w)x + JV M lis 

< ||Z(0, 5 ;a;)x||s+||NoH|| s 
<r 2 (£j) + ||JVo(w)||s 

holds for all s < s and all x G with \\x\\h < P- 

Hence S(t, s; cu)x is absorbed at time t = by the compact random set 



K(u) = B s (0,r 2 (u) + \\N (u)\\ s ). 

By Proposition 1.7 this implies the existence of a random attractor for the RDS ip associated 
with (1.1). □ 

2.3 Proof of Theorem 1.12 

The proof of the first lemma is mainly based on [9, Theorem 5.1]. The strong monotonicity 
condition (H2 f ) leads to the following strong contraction property. 

Lemma 2.5. Under the assumptions of Theorem 1.12 with (3 > 2, for si < s 2 < t, u G Q 
and x,y G H we have 

2 

\\S(t, Sl ; u)x - S{t, s 2 ; u)yf H < { \\S(s 2 , Sl ; u)x - yf^ + ^(J3 - 2)(t - s 2 ) 1 

<{±(P-2)(t-s^ 

In particular, for each <GM there exists r) t ( independent of x) such that 

lim S(t, s;u)x — r]t(u), 

s— >— oo 

where the convergence holds uniformly in x and cu. 
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Proof. Let u) G Vt, x,y G H and si < s 2 < s < £, then 
S(i, si; w)x — S(t, s 2 ; uj)y 

=S(8,s 1 ;u)x - S(s,s 2 ;u;)y + / (A(S{r,si,u)x) - A(S(r,s 2 ;u)y))dr. 



Note that t \-> S(t, s±; lo)x — S(t, s 2 ; u>)y is continuous in H. By Ito's formula and (H2 r ) 

\\S(t, si,u)x - S(t, s 2 ;u)y\\ 2 H 
= \\S(s, si; w)z - ^(s, s 2 ; 

(2.8) +2 / y.^S^r, si; - ^(^(r, s 2 ; u)y), S(r, sr, u)x - S(r, s 2 ; u:)y} v dr 

J s 

<\\S(s, si; w)x - S^s, s 2 ; - A / ^(r, si; w)x - 5(r, s 2 ; u)y\f H dr. 

J s 

The idea of the rest of the proof is to compare \\S(t, s±; u))x — S(t, s 2 ; us)y\\ 2 H with the solution 
to the ordinary differential equation 

(2.9) h'{t) = -Xh{t)l, t > s 2 ; h{s 2 ) = \\S{s 2 , Sl ; u)x - yf H . 

However, since \\S(t, si; cu)x — S(t, s 2 ; oj)y\\ 2 H is not necessarily differentiable in t we cannot 
apply classical comparison results. 
Let 



2 



h e (t) = l(\\S(s 2 , Sl ; w)s - 2/Hff + e) 2 "' 3 + ^ -2)(t- s 2 ) 

It is easy to show that h e is a solution of (2.9) with h e (s 2 ) = (\\S(s 2 , s±] u)x — y\\n + e) 2 - 
Now we prove that 

(2.10) \\S(t, Sl ;cj)x-S(t,s 2 ;cu)y\\ 2 H <h e (t), t > s 2 . 

Let 

$e(t) = h e (t) - \\S{t, Sl ; w)x - s 2 ; u)y\\ 2 H , 
T e = inf > s 2 | # £ (t) < 0}. 

Because $ e (s 2 ) > and by the continuity of ^> e we know that r e > s 2 . Furthermore, note 
that by definition we have 

h e (t) > \\S(t, si, lu)x - S(t, s 2 ; Lo)y\\ 2 H , t G [s 2 , r e ]; 
h e (t) < (\\S(s 2 , si, u)x - y\\ H + e) 2 =: c e , t > s 2 . 

If t 6 < oo, then ^> e (r e ) < by the continuity of <P e . Therefore, by the mean value theorem 
and (2.8) for all s 2 < s < t < r e we have, 

$ € {t) = h e (t) - \\3(t, si; uj)x - S(t, s 2 ; u)y\\ 2 H 

><P e (s)-\ j (h € (r)% - (\\S(r,Si;u)x - S(r,s 2 ,u)y\\ 2 H )^ dr 

><P e (s)- X/3Ce2 [ <P € (r)dr. 
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Using Gronwall's Lemma we obtain 

$e{r e ) > <P t {s 2 )exp 



A/3 



-C e lT e ~ S 2 



> 0. 



This contradiction implies that r e = oo, i.e. (2.10) holds. 
Since (2.10) holds for any e > we can conclude that 



\\S(t, si; u)x - S(t, s 2 ; u 



,<{ \\S(s 2 ,s 1 ;cj)x-y\\ 2 H f >+-W-2)(t-s 2 ) 



< \\S(s 2 , Sl ; u)x - y\\ 2 H A - 2){t - s 2 ) 



2 

' P-2 



2 

"/3-2 



<{\{P-2){t-s 2/ 



2 

"/3-2 



holds for any t > s 2 . 



□ 



Lemma 2.6. Suppose the assumptions of Theorem 1.12 with ft = 2 and (S'4) /ioW. Then 
for each t] G (0, A) there is an M. + -valued random variable K v such that 



\\S(t, Sl ; w)z - S(t, s 2] u)y\\ 2 H < 2 (||x||^ Sl + K v (u) 



WWh e 



3 (A-7j)s 2 C -Xt 



for all si < s 2 < t, u £ Q and x,y G H. In particular, for each t 6 1 there exists rjt 
(independent of x) such that 

lim S(t, s;u)x — r]t(u), 

s—^—oo 

where the convergence holds uniformly in x on any ball Bu(0,r) = {h G H\ \\h\\H < r}. 
Proof. As in Lemma 2.5 for u G f2, x, y G H and si < s 2 < s < t we obtain 
\\S(t, si;u)x- S(t, s 2 ;u)y\\ 2 H 
<\\S(s, si;w)x - 5(s, s 2 ;a%||# - A jf \\S(r, s ± ] u)x - S(r, s 2 ; u)y\\ 2 H dr. 

Thus, by Gronwall's Lemma 

\\S(t, Sl ; w)x - S(t 7 s 2 - u)yf H < \\S(s 2 , si; w)x - y||^e- A( '- S2) 

< 2 (||5(a a , si;^! +II2/H1,) e- A ^. 



By [42, Lemma 4.3.8] (H3), (HA) and (H2') imply that for each 77 G (0, A) there exists a 
> such that for all v G V 

(2.11) 2 y ,(,%), W > 1/ <-77|M|^ + CV 
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Let 7) E (0, A) and 77 = ^ G (77, A). We use (2.11) with 77, (H3), (HA) and Young's inequality 
to obtain 

2 v .(A(v + N r ),v) v 
=2 v *(A(v + N r ),v + N r - N r ) v 

<2e 1 y* (A(v + N r ), v + N r ) v + 2(1 - £l ) v * (A(v + N r ),v + N r ) v 

+ 2\\A(v + N r )\\ v ,\\N r \\ v 
<e x K\\v + N r \\ 2 H - Se 1 \\v + N r \\% + e 1 C - r)(l - £l )\\v + N r \\ 2 H + (1 - eJCj 

+ e 2 \\A(v + N r )\\^ + C £2 \\Nr\\v 
<( £l K - 77(1 - e 1 ))\\v + N r \\% + (e 2 C - 5e 1 )\\v + N r \\$ + e 1 C + (1 - e 1 )C^ 

+ e 2 C + C £2 \\N r \\«, 

where Z\ G [0, 1], e 2 > and C, C ei , C £2 > are some constants. 
Now by taking < E\ < A 1 and e 2 = we have 

2 v .(A(v + N r ),v) v < - v \\v + iV r ||^ + £l C + (1 - £x)C n + e 2 C + C e JiV r ||£ 



< -?lklllr + »7ll^r||lr + ei<7+ (1 - e^Cfj + e 2 C + C £2 ^ r]lv 

< —IM H + C v (r), 

where C,(r) = v\\N r \\ 2 H + C £2 \\N r \\% + e x C + (1 - e 1 )C ij + e 2 C. 
Hence for all t 2 > t\ > s, 

\\Z(t 2 , s; oj)x\\h = \\Z(ti, s; u)x\\ 2 H + 2 / v * (A(Z(r, s; u)x + N r (u)), Z(r, s; u)x) v dr 

Jti 

Tj f t2 f t2 

< \\Z(t 1 ,s;u)x\\ 2 H - -J \\Z(r,s;uj)x\\ H dr + J C v (r)dr. 

By Gronwall's Lemma 

\\S(s 2 , Sl ;u>)x\\% < 2 (\\Z(s 2 , Sl ;u)x\\ 2 H + \\N S2 (cu)\\ 2 H ) 

< 2(\\xf H e~^-^ + r e ^«^C,(r)dr+ ||JV„(a;)||^). 

For Si < S2 < we conclude that 
\\S(t,Si\u))x - S(t, s 2 ;u)y\\ 2 H 
<2(\\S(s 2 , Sl ;u;)x\\ 2 H +\\y\\ 2 H ) 

< 4 ( \\x\\ 2 H e-i^ + I" e -3C«-r)c„(r)dr + ||JV.»||*, + hy\\ 2 H ) e~ x ^ 



2 

\\xf H e^e^-^ + e^* 2 J e^C v (r)dr + e Xs *\\N S2 (ou)\\ 2 H + ^\\y\\ 2 H j e~ xt 

( p \S2 
e^"\\x\\% + eW*K v + e Xs *\\N S2 (u)\\ 2 H + — 



2 1 „-\t 



-2~\\y\\H 
— > as si, s 2 —j- —00, 
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where K v = J_ ei r C n (r)dr is finite by (54), i.e. by the subexponential growth of ||iVt||y. 
Therefore, for all t e M and u G Q there exists a limit r] t (u) (independent of x) such that 



lim S(t, s; lj)x = rj t (cu) 
s— y— oo 

holds uniformly in x on any balls (w.r.t. || ■ \\h)- D 

Now we can finish the proof of Theorem 1.12. 
Proof of Theorem 1.12 By Lemmas 2.5 and 2.6 we may define 

A(u) = Mo;)}. 

We shall show that this defines a global random attractor for the RDS associated with (1.1). 

Since r] (u) is measurable, A(u) is a random compact set. Hence we only need to check 
the invariance and attraction properties for A(u). 

The continuity of x H- S(t, 0; u)x and the flow property imply that 



ip(t, uj)A(uj) = < 5(t, 0; 00) lim 5(0, s; oo)x > = < lim S(t, s; u)x 

s— y— 00 I s— >— 00 

lim 5(0, s-t, 6 t uj)x \ = {r) (d t cu)} = A(9 t u), t > 0, x e H. 



Since the convergence in Lemmas 2.5 is uniform (locally uniform resp. in Lemma 2.6) with 
respect to x £ H, for any bounded set B C H we have 

d(<p(t, 9-tv)B, A(u)) = sup \\S(t, 0, 6- t u)x - r} (u>) \\ H 

= sup ||5(0, —t] lo)x — r] (uj) \\h —> 0(t —> 00), 
xeB 

i.e. A(u) attracts all deterministic bounded sets. 

Therefore, A is a global random attractor for the RDS associated with (1.1). 

We now deduce the unique existence of an invariant random measure fi. G Vn(H). For the 
notion of an invariant random measure we refer to [18, Definition 4.1]. By [18, Corollary 4.4] 
the existence of a random attractor implies the existence of an invariant random measure. 
Moreover, by [15, Theorem 2.12] every invariant measure for tp is supported by A = {rjo}, 
i.e. ^({770(0;)}) = 1 for P-a.a. u. 

The bounds on the speed of attraction follow immediately from the respective bounds in 
Lemma 2.5 and 2.6. □ 



3 Applications to concrete SPDE 

In this section we present several examples of admissible random perturbations N t and also 
show that {HI) — (H5) and (H2') can be verified for many concrete SPDE. Hence Theorems 
1.10 and 1.12 can be applied to show the existence of a random attractor for those examples. 

We will first show that all cadlag processes with stationary increments satisfy (51)- (53) 
and thus Theorems 1.4 and 1.12 are applicable. Of course, this contains all Levy processes 
as well as fractional Brownian motion. 
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Lemma 3.1. Let (N t )tm be a V -valued process with stationary increments and a.s. cddldg 
paths. Then there is a metric dynamical system (f^J 7 , P, 9 t ) and a version N t (cf. [44, 
Definition 1.6]) on (Q, J 7 , P, 8 t ) such that N t satisfies (S1)-(S3). 

Proof. We choose Q = D(R; V) to be the set of all cadlag functions endowed with the 
Skorohod topology (cf. [2], pp. 545), J= = 9 t (u) = u(t + •) - u(t) and P = C(N) 

to be the law of Nt (or more precisely its restriction on O). Note that T is the trace in Q 
of the product cx-algebra B(V) R and (t,u) h-> 6 t {oj) is measurable. Since N t has stationary 
increments we know that 8 t F = P. Hence (Q, J 7 , P, 9t) defines a metric dynamical system 
and the coordinate process Nt on Q is a version of Nt satisfying (5*1), (5*2) and (5*3). □ 

We will prove the asymptotic bound (S4) for two classes of processes. The first class 
consists of all processes with independent increments (e.g. Levy processes) where the proof is 
based on the strong law of large numbers, and the second class consists of all processes with 
Holder continuous paths (e.g. fractional Brownian motion), for which we use Kolmogorov's 
continuity theorem and the dichotomy of linear growth for stationary processes. 

Lemma 3.2. Let V be a separable Banach space and N t be a V -valued Levy process with Levy 
characteristics (m, R, v) (e.g. cf. [41, Corollary 4-59]). Assume that J v (\\x\\v V dv(x) < 

oo, then we have F-a.s. 



N 



-»■ ±EiVi (t ±oo) 



Proof. Since Nt '■— N_ t is also a Levy process satisfying the assumptions and EiVi = — ~ENi, 
it is sufficient to prove the assertion for t — > +oo. By the Levy-Ito decomposition for Banach 
space- valued Levy processes (cf. [1, Theorem 4.1]) we have 



N t = mt + W t + / xN(t, dx) + / xN(t, dx), 
Jb 1 {o) Jbi(o) 

where m G V, Wt is a ^-valued Wiener process and 

(3.1) / xN(t,dx):= lim / xN(t,dx) = lim / xN(t,dx) 

is a F-a.s. limit of compensated compound Poisson processes. 
By an analogous calculation to [41, pp. 49] we have 



E|| / xN(t,dx)\\l < 2t / \\x\\ 2 v dv(x) + A It \\x\\ v dv{x)\ 

J{t<\\x\\v<l} J{e<\\x\\ v <l) V J{e<\\x\\ v <l} J 



2 



and 



E|| / xN(t,dx)\\ 2 v <t / \\x\\ v dv(x) + [ t \ 

JBI(0) J Bl(0) \ J Bf(0) 
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Thus, 



(3.2) sup 

E\\J2 / xN{t,dx)\\ 2 = supE|| / xN(t,dx)\ 

n , , J n J 

~ {t£i<\\x\\v<& {^t<Mv<1} 



x 2 

|2 



<2t / \\x\\ydv(x)+4:lt \\x\\ v du(x) \ < oo. 

^Bi(O) V Jbi(0) J 

By (3.1) f B ^ Q jXN(t,dx) is the limit of a F-a.s. converging series of independent random 
variables and by [33, Theorem 3.4.2] the bound (3.2) implies that the convergence in (3.1) 
also holds in L 2 (fi; V). Hence N t E L 2 (fi; V) and 



EN t = t\m 



/ xdv(x) ) = tENi. 



Let now Nt be centered (i.e. EN t = 0) and note 

N n = N n - N n _i + N n _i - iV n _ 2 + ... + Ni, 

then by the law of large numbers for Banach space-valued random vectors (cf. [26, Theorem 
III.l.l]) we have F-a.s. 

— ->■ ElNt] = 0(n^ oo). 
n 

It remains to derive the bound for Nt — Nm . Let 

S n := sup ||iV n+s - N n \\ v . 
se[o,i] 

Since Nt is centered and has first moment, it is a martingale. Thus ||iVf||y is a non-negative 
cadlag submartingale and Doob's maximal inequality implies that 

ES = E sup \\N S \\ V < 2(E||iVi|| 2 / )5 < oo. 

se[o,i] 

Since S n are i.i.d., by the strong law of large numbers we have for N — > oo 

EN q 



N 



->E[Si], P-a.s.. 



In particular, we have -# — > 0, P-a.s.. Consequently, 



Wt\\v < M /l^i- %||v , ||iV [t] ||y 



t ~ t V [*] M 



For iVi not necessarily centered we have 

N t N t -EN t EN t N-EN t ^ . 

— = — + = — + EiVi EN U (t oo), P-a.s. 

t t t t 



□ 
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We now prove an asymptotic bound for processes satisfying the assumptions of Kol- 
mogorov's continuity theorem. The proof is similar to [39, Lemmas 2.4 and 2.6] where the 
case of fractional Brownian motion with Hurst parameter H G (|, 1) is considered. However, 
note that we do not require 7 = 2 in (3.3), hence here we can include fractional Brownian 
motion with any Hurst parameter H G (0, 1) (see Lemma 3.6). 

Lemma 3.3. Let (N t )teR be a process on a metric dynamical system (Q, J 7 , P, 6 t ) with values 
in a Banach space V such that (51) holds. Assume that there exist constants 7 > 1, a > 
and C G K. such that 

(3.3) E\\N t - N s \\l < C\t - s\ 1+a , Vt, s G R. 

Then there exists a 6 t -invariant set Qq C Q with P(f2 ) = 1 and for any e > 0, u> G Qo, 
< (3 < 2 an d an y interval [so,io] Q K t/iere exist constants C\ = C\(e, u, Ci = 
C 2 (u;, (3, s , to) > sitc/i t/iat 

ll^tHllv < e^l 2 + Ci, Vt G R and 

ll^-Mllc^asoMvo < C2. 

In particular, N t satisfies (5*4). 

Proof. Since jV t := iV_ 4 also satisfies the assumptions, it is enough to prove the assertion for 
t > 0. Firstly, we have 

\\N t (co)\\ v = \\N t (u) - N [t] (u) + N [t] (u>) - + ... + N^u) - N {cu) + N (u)\\ v 

= \\N t ^ [t] (e [t] cu) - N o (0 [t] u) + N^e^co) - iVo(0[i]-iw) + ... 

(3.4) +7ViH-^oH + ^o(w)||v 

< ||JV.(0[t]w)|| o / J( [ Ojl ] ; v) + II JV: (0 [t ]_io;) 1 1 o^([o,i] ; v) + ••• + \W^)\\cp([o,i]-,v) 
+ HiVoMllv, t G R+. 

Hence we need to derive a bound for || TV. (^co?) || c7^([o,i] ; v) as a function of r. 

Using Kolmogorov's continuity theorem (cf. [30, Theorem 1.4.1]) and (3.3) we obtain 

\\N.(u})\\ C P(]s,t];V) < K(u,p,s,t) G L 7 (fi,.F p ,P) C L 1 ^, J*,P), V s < t, 
where F v is the completion of J 7 with respect to P. Note that 

\\N u (9 r uj) - N v (9 r u)\\ v 



(3.5) \\N.(e r u)\\ c P([ s ,t];V) = sup 



\U — V 



P 



\\N u+ r (u) - N v+r (u)\\ v 

sup 



u^=v,u,vd[s,t\ 



\U — V 



P 



— \\N.(u)\\cf>([8+r,t+r];V)7 

for all s < t and r G R. Hence 

SUp \\N.(6 r Uj)\\c0([ s ,t);V) < \\ N -(v)\\cP{[;t+l]iV) € L \ty, V 8 < t. 
re[0,l] 
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The dichotomy of linear growth for stationary processes (cf. [2, Proposition 4.1.3 (ii)]) states 
that any measurable map / : Q — > R on a metric dynamical system J 7 , P, (8 t )teM.) with 
su Pte[o,i] f + (@f) G L l (Q) grows sublinearly, i.e. 

limsup —f(6 t uj) = 0, 



t— >±oo 



t 



on an invariant set of full P measure. We conclude that there is a ^-invariant set Qq C Q 
with P(fl ) = 1 such that 

lim 1 - T ||A^.(^a;)|| c / 3([01] .y ) = 0, V u e Q . 

\t\-too \t\ 

Hence for every e > 0, u G f2 there exists a constant T := T(e, w) 6l such that 

\\N.(6 t u)\\ c e m] . v) <e\t\, \t\>T. 

By (3.4) this implies 

It] T-l 

+x; 11^(^)11 

k=T k=0 

< e[t] 2 + T\\N.(co)\\ c p mT] , v) + \\N (cu)\\ v 

< e[t] 2 +TK(u,P,0,T) + ||iVo(a;)||v, t e R+. 

□ 

Corollary 3.4. Let (N t )t^R be a V -valued process with stationary increments and a.s. cddldg 
paths. Assume that (3.3) or the assumptions of Lemma 3.2 hold, then there is a metric 
dynamical system (f2, J 7 , P, 6 t ) and a version N t on (Q, J 7 , P, 6 t ) such that N t satisfies {SI)- 
(5-4). 

Now we show that (3.3) holds for fractional Brownian Motion (fBM) with any Hurst 
parameter. We first recall the definition of Banach space-valued fBM. 

Definition 3.5 (Fractional Brownian motion). Let H G (0, 1) and R : V* — )• V be a bounded 
linear and non-negative symmetric operator. A V-valuedF-a.s. continuous centered Gaussian 
process Bf 1 starting at is called an R-fBM with Hurst parameter H if the covariance is 
given by 

E[ v*(x,B?) v v*(yiB») v ] = l -{t 2H + s 2H -\t- s\ 2H ) v *(x,Ry)v 

for allx,y G V* , t,s G R + . 

It is easy to see that has stationary increments. Thus, according to Lemma 3.1 we 
will always consider the canonical realization of fBM in this paper. 
Let 

V C H C V* 
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be a Gelfand triple, B" be an i?-fBM in H and > 0, e k G H such that Reu = Xk^k- Then 
Bf has the representation 

oo 

(3.6) Bf = £ Vhtf(t)e k , 

k=l 

where flf are independent real- valued fBM and the convergence holds P-a.s. as well as in 
each LP(n-H). 

Lemma 3.6. Let Bf be a fBM in H with representation (3.6) and assume that K = 
SfcLi V%c|| e fc||v < °o. Then Bf satisfies (3.3), more precisely, for each m G N there is 
a constant C > such that 

E \\Bf - Bff™ < CK\t - s\ 2Hm , s,teR. 

Proof. By the comparability of Gaussian moments (cf. [31, Corollary 3.2]) we have 

[E\\Bf - Bf H^ 1 ]^ = [E\\Bf_ s \\v n ]^ < CE\\Bf s \\ v , 

where C > is a constant depending only on m. 

By our assumption we know that the convergence in (3.6) also holds in L l (Q; V). Hence 
we have 

[E\\Bf - Bf\\*T] ^ < CE\\Bf_ s \\ v 

N 

= C lim E|| V] \/hPf(t - s)e k \\ v 

k=l 

N 

< C lim V y/\ h \\e k \\vE\^{t - s)\ 

k=l 

< CK\t - s\ H , s,teR. 

In particular, choosing m such that 2Hm > 1 we get (3.3). □ 

We now proceed to examples of SPDE satisfying (HI) — (H5) and (if 2'). Note that 
most of those assumptions are well known and have been used extensively in recent years 
for investigating SPDE within the variational framework, e.g. see (HI) — (HA) in [24, 25, 
34, 35, 36, 42] and (if 2') in [19, 34, 36]. It has also been proved that (1.5) in (ff 5) holds for 
many SPDE in [35]. Hence, we only need to verify (1.6) in (if 5). 

The following elementary lemma is crucial for verifying (if 2') (cf. [34, 36]). For the proof 
see e.g. [36]. 

Lemma 3.7. Let (E, (•, •)) be a Hilbert space and \\ ■ \\ denote its norm. Then for any r > 
we have 

(3.7) (||a|| r a - \\b\\ r b, a - b) > 2~ r \\a - b\\ r+2 , a,beE. 
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Example 3.8. Let A be an open bounded domain in M. d and LP := L P (A) for some fixed 
p > 2. Consider the following triple 

V := L p C H := L 2 C = 

and i/ie stochastic equation 

(3.8) dX t =/(X t )dt + diV t , ten, 

where N t is an LP -valued process with stationary increments and a.s. cadldg paths, f : M. d — > 
M. d is continuous and satisfies the following conditions: 

(f(z) - f(y),x -y) < -X\x - yl 13 ; 

(3.9) if{x),x) < -S\x\ p + K\x\ 2 + C- 

\f{x)\ ^Cdxl^ + l), ^Gl^, 

where C, A > 0, 5 > 0, > 2 are some constants and (-, ■) is the inner product on Wt d . Then 
the RDS generated by (3.8) has a unique random fixed point and the other assertions in 
Theorem 1.12 also hold. If = 2 in (3.9), then the conclusions still hold, provided N t also 
satisfies (54). 

Proof. Using a similar argument as in [42, Example 4.1.5], one can show that (H1),(H2'), 
(H3) and (H4) hold for (3.8) with a = p. Hence Theorem 1.12 applies. □ 

Remark 3.9. (i) A typical example for f is as follows (cf. [35, 36, 42]): 

f(x) = — \x\ p ~ 2 x + rjx, 7] < 0. 

(ii) The first inequality in (3.9) implies that 

(f(x),x)<-±\x\e + C. 

Therefore, if (3 > p, then the second inequality (so-called coercivity condition) in (3.9) auto- 
matically holds. 

(Hi) If N t is a finite- dimensional fBM, the existence of a random fixed point for (3.8) 
has also been studied in [22]. Compared with the result in [22], we only require a coercivity 
condition (the second inequality in (3.9)) on f instead of assuming f to be continuously 
differentiate as in [22]. Another improvement is that we can allow equation (3.8) to be 
driven by infinitely many fractional Brownian motions or by Levy noise. 

Example 3.10. (Stochastic reaction- diffusion equation) 

Let A be an open bounded domain in M. d . We consider the following triple 

V := Wo' 2 (A) C L 2 (A) C (Wo 1,2 (A))* 
and the stochastic reaction- diffusion equation 

(3.10) dX t = (AX t - \X t \ p - 2 X t + rjX t )dt + dN t , 

where 1 < p < 2 and rj are some constants, N t is a V -valued process with stationary incre- 
ments and a.s. cadldg paths. 
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(1) lfrj<0 and (SA) holds, then all assertions in Theorem 1.12 hold for (3.10) with (3 = 2. 

(2) If 7] > 0, N.(u) G L 2 ([-1,0]; W 3 > 2 (A)) forF-a.e. u and satisfies (SA), then the stochas- 
tic flow associated with (3.10) has a compact random attractor. 

Proof. (1) By Lemma 3.1 we know that (S1)-(S3) hold. It is also well known that (Hl)-(HA) 
hold for (3.10) (cf. [34, 36, 42]). If rj < 0, then it is easy to show that (H2') holds with 
(3 = 2. Therefore, all assertions in Theorem 1.12 hold for (3.10). 

(2) According to Theorem 1.10 one only needs to verify (H5). Let S = W 1,2 (A) and A 
be the Laplace operator on L 2 (A) with Dirichlet boundary conditions. We define 

T n = -A(l--)- 1 . 

n 

Let {Pt}t>o an d £ denote the semigroup and Dirichlet form corresponding to A. It is easy 
to show that T n are continuous operators on W 1,2 (A) by noting that 

/-(/-- 

V n 

Then we have 

v *(Au,T n u)v = y*(Aw, — A(l Y 1 u)v 

n 



v* (Am, nu — nil ) u)v 

n 



n 

POO 

/ e~*(Vw, Vu - VP±u) L2(A) dt 
Jo 

POD 

< —n I e~*(£ (n, u) — £(u, P±u))dt 



o 



< 0, 



where the last step follows from the contraction property of the Dirichlet form 8. 
By using a similar argument one can show that 



*(-\u\ p - 2 u + riu,T n u) v <v\\u\\l, u G W ' (A) 



Hence (1.5) holds. Using the fact that P t is bounded on W 1,2 (A) and N.(u) G L 2 ([-l, 0]; W 3 ' 2 (A)) 
for P-a.e. u we have 

/ \\T n N t fy dt = [ || - A(J - -)^N t \\ 2 ydt 

(3.11) = /°||(J--)- 1 (A7V t )|| 2 / ^ 

7-i n 

r° 

<C J \\AN t \\ 2 v dt < oo, 
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where the third step follows from the following formula 

A, 



f oo 

(I - — Y 1 v = I e^Ptvdt, v G V. 



n 



o 



Hence (1.6) holds. Then the existence of the random attractor for (3.10) follows from The- 
orem 1.10. □ 

Remark 3.11. In Example 3.10 we had to restrict to reaction terms of at most linear growth. 
This restriction is due to the fact that the variational approach to SPDE as presented in 
[28, 42] does not apply to nonlinearities of arbitrary high order. However, we only used the 
results from [28, 42] to construct the associated RDS. Therefore, as soon as we can obtain 
the corresponding RDS by some other method, our arguments can be used without change 
to prove the existence of the random attractor. More precisely, let A be an open bounded 
domain in M. d . We consider the following triple 

V := Wl' 2 (k) n L p {A) CH:= L 2 {A) C {W^ 2 {A) n L P {A))* 

and the stochastic reaction- diffusion equation 

(3.12) dX t = (AX t - \X t \ p ~ 2 X t + r)X t )dt + dN t , 

where 2 < p, rj G R are some constants and N t is a V -valued process with stationary 
increments and a.s. cadlag paths. Note that (3.12) does not satisfy (H3)-(H4) with the same 
parameter a . Nevertheless, the associated RDS can be defined by an analogous transformation 
into a random PDE. The existence and uniqueness of solutions for the transformed equation 
(1.2) follows by a standard proof via Galerkin approximations (cf. [47, pp. 91]). The proof 
of condition (if 5) carries over without change. If r] < then Theorem 1.12 can be applied 
with (3 =p. Ifv>0, N.(u) E L 2 ([-1,0]; W 3,2 (A)) nL p ([-l,0];H/ 2 ' p (A)) for F-a.e. oo and 
satisfies (54), then the same arguments as for Theorem 1.10 yield the existence of the random 
attractor. 

In [18, Section 5[ the existence of a random attractor for stochastic reaction- diffusion 
equations perturbed by finite- dimensional Brownian noise is obtained under the assumption 
that the noise takes values in H 2 (A) n Hq(A) D W 2 '^ 1 (A) . In comparison, we can allow 
infinite- dimensional noise and include fractional Brownian motion as well as Levy type noise, 
but we need to require slightly more regular noise taking values in H 3 (A) C\Hq(A) fl W 2,P (A). 

Remark 3.12. Simple examples of noises satisfying the assumptions are given by finite- 
dimensional noise. Let iVeN and 

N / N \ 

(3.13) N t = J2<Pn/3n(t) [or N t = ^ n L n (t) Mel, 

n=l V n=l / 

where <p n G W^' 2 (A) fl W ' P (A) and (3^ ore independent two-sided fractional Brownian mo- 
tions with Hurst parameter H G (0, 1) (or L n are independent two-sided Levy processes). It 
is easy to show that the noise (3.13) satisfies all assumptions required in the above example. 
Noise of this form can also be used for those examples below as well by choosing appropriate 
spaces for <p n . 



24 



Example 3.13. (stochastic porous media equation) 

Let A be an open bounded domain in Mr. For r > 1 we consider the following triple 

V := L r+1 (A) CH:= W ~ 1,2 ( A ) C V* 
and the stochastic porous media equation 

(3.14) dX t = (A(|X t | p - 1 X t ) + rjX t ) dt + dN t , 

where rj is a constant, N t is a V -valued process with stationary increments and a.s. cadldg 
paths. 

(1) IfN.(u) E L r+l ([-l,0];V7 2 ' r+1 (A)) forF-a.e. u and satisfies (£4), then the stochastic 
flow associated with (3.14) has a compact random attractor. 

(2) Iff] < 0, then all assertions in Theorem 1.12 hold for (3.14). 

Proof. (1) According to [42, Example 4.1.11; Remark 4.1.15] we know that (Hl)-(HA) hold 
for (3.14). By Lemma 3.1 and the assumptions we know (S'1)-(S'4) also hold. Hence we only 
need to verify (H5) in Theorem 1.10. 

Let S = L 2 (A) and A be the Laplace operator on L 2 (A) with Dirichlet boundary condi- 
tions. We define 

T B = -A(J--)- 1 = nf/ -(/--)" 
n \ n 

It is well known that the heat semigroup {Pt} (generated by A) is contractive on L P (A) for 
any p > 1. Then by the same argument as in (3.11) we know that (1.6) holds. 

In order to show that T n are continuous operators on Z/ +1 (A) we use the formula 



DC 



(/ - — )' l u = I e^P^udt. 



o 



n 

r+li 



By Holder's inequality and the contractivity of {Pt} on L r+ (A) we have 

v * (A(\u\ r - 1 u) + ryu, -A(l - -)- l u) v 

n 

= (\u\ r ~ 1 u, nu — nil )~ lu ) l 2 +v\\ u \\n 

n 

= -n J e ~* ^ W\ r+l dx- J H r ~VPj_wdx^ dt + rj\\u\\ 2 n 
< Vn e L r+1 (A). 

Hence (1.5) holds and the assertion follows from Theorem 1.10. 

(2) If 7] < 0, then by Lemma 3.7 it is easy to show that {H2') holds with /3 = r + 1 (cf. 
[34, 36]). Hence all assertions in Theorem 1.12 hold for (3.14). □ 

Remark 3.14. In [9] the existence of a random attractor for generalized porous media equa- 
tions perturbed by finite- dimensional Brownian noise has been proven under the assumption 
that the noise takes values in W Q ' r+ . In the case of the standard porous medium equation 
our results thus extend [9] to infinite- dimensional noise and fractional Brownian motion as 
well as Levy type noise, if the noise is more regular, i.e. takes values in W 2,r+l . 
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Example 3.15. ( Stochastic p- Laplace equation) 

Let A be an open bounded domain in M d with convex and smooth boundary. We consider the 
following triple 

V := W^ P (A) CH:= L 2 (A) C (W 1,P (A))* 
and the stochastic p-Laplace equation 

(3.15) dX t = [dw(\vx t \p- 2 vx t ) - m\x t f- 2 x t + V2 X t ] dt + dN t 



t) 

where 2 < p < oo, 1 < p < p, r\\ > 0, 772 G K. are some constants and N t is a V -valued 
process with stationary increments and a.s. cddldg paths. 

(1) IfN.(u) G L p ([-l,0];iy 3 ' p (A)) forF-a.e. u and satisfies (54), then the stochastic flow 
associated with (3.15) has a compact random attractor. 

(2) Ifrj2<0, then all assertions in Theorem 1.12 hold for (3.15). 

Proof. (1) According to [42, Example 4.1.9] and the assumptions, we only need to verify 
(if 5) in Theorem 1.10. 

Let S = W 1,2 (A) = £>(v— A), where A is the Laplace operator on L 2 (A) with Neumann 
boundary conditions. It is well known that the corresponding semigroup {Pt} is the Neumann 
heat semigroup (i.e. the corresponding Markov process is Brownian motion with reflecting 
boundary conditions). Moreover, we know that Pt maps L P (A) into W l,p (A) continuously 
(see [13, Section 2] for more general results). Then for all t > 0, P t : W 1,P (A) — > W 1,P (A) is 
continuous. 

Now we define 

T n = -A(I--)- 1 = n(l -(/--)" 



n \ n 

It is easy to show that T n are also continuous operators on W 1,P (A) since 

A f°° 

(/ Y l u= / e-'Piudt. 

n Jo 

Moreover, since the boundary of the domain is convex and smooth, we have the following 
gradient estimate (cf. [50, Theorem 2.5.1]) 

(3.16) |VP t «| < Pt\Vu\, u e W hp (A). 

Since {Pt} is a contractive semigroup on L P (A), it is easy to see that {Pt} is also a contractive 
semigroup on W 1,P (A) by (3.16). Therefore, 

v * (divQV 'u\ p - 2 Vu),T n u) v 

= v *(dW(\Vu\ p ~ 2 Vu),nu -nil - — )" 1 w)y 

n 

POO 

= n e- t v *(d\w(\Vu\ p - 2 Vu),u- PLu) v dt 
Jo 

= -n I e _t ( / \Vu\ p dx- [ I Vu\ p ~ 2 Vu ■ VP* udx ) dt 



< 0, u E 1V 1,P (A), 
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where in the last step we used Holder's inequality and the contractivity of {P t } on W 1,P (A) 
to conclude 



|Vu| p ~ 2 Vu • VP s udx 

) p-i i 
■ (J \VP s u\ p dx 

) p-i . . i 

■ (J |P s |Vu|| p da; 

f |Vu| p dx. 



A 

Using the same argument we obtain 

v ,(- Vl \uf- 2 u - V2 u, T n u) v < r] 2 \\u\\ 2 n , u e W^(A). 

Hence (1.5) holds. 

Note that (1.6) also holds due to the same argument as in (3.11). Therefore, the assertion 
follows from Theorem 1.10. 

(2) If r]2 < 0, then by Lemma 3.7 it is easy to show that (H2') holds with (3 = p (cf. 
[34, 36]). Hence all assertions in Theorem 1.12 hold for (3.15). □ 
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